The Shao-Sablin index of a Λ-sequence Λ = (λ i ) is defined by S Λ := lim sup n→∞
Preliminaries
A sequence (λ i ) of positive numbers is said to be a Λ-sequence if it is nondecreasing and such that
A Λ-sequence Λ = (λ i ) is said to be proper if lim λ i = +∞. Given a positive integer m, the omission of the first m terms supplies a new Λ-sequence (λ i ) ∞ i=m+1 that will be denoted by Λ (m) . Throughout the paper we will be concerned with real-valued functions defined on [0, 1]. A function is said to be regulated if it admits discontinuities of the first kind only. We do not assume that the value of a regulated function is always the arithmetic average of its one-sided limits. We will use the symbols f (x+), f (x−) to denote the one-sided limits of a function f at a point x ∈ [0, 1]. If one takes the constant Λ-sequence Λ = (1) ∞ i=1 , then Λ-variation of any function is exactly the ordinary variation. ΛBV is then the class BV of functions of bounded variation and it is the smallest possible ΛBV class. The most important non-trivial Λ-sequence is the sequence H := (i) ∞ i=1 . The class HBV is much larger than the class BV, but both conclusions of the Dirichlet-Jordan Test for convergence and uniform convergence of Fourier series hold for all functions of the class HBV [17] .
A point t ∈ (0, 1) is said to be a point of constant monotonicity of a function f if f is either strictly monotone or constant in a neighbourhood of t. An endpoint of the interval [0, 1] is said to be a point of constant monotonicity of a function f if the function is constant on a neighbourhood of the point. Points that are not of constant monotonicity will be called points of varying monotonicity of the function f . The set of all points of varying monotonicity will be denoted by K f .
The concept of Λ-variation of a function has a natural extension to Λ-variation of the function on a subset of its domain. Given a function f , a Λ-sequence Λ and a positive number δ > 0, we define
where the supremum is taken over all families I of nonoverlapping closed subintervals with I δ. The value
is called the Wiener Λ-variation of f [11] . It is finite if and only if f is of bounded Λ-variation. One has W Λ (f ) V Λ (f ) always and the inequality may be strict. In particular, given a proper Λ-sequence Λ, for every non-constant linear function f ,
The concept was introduced by D. Waterman in 1976 to provide a sufficient condition for (C, β)-summability of Fourier series of a function [18] . ΛBV c is a closed subspace of (ΛBV, Λ ). It turned out later that a number of good properties of Fourier series can be proved for functions in this subspace. The question of the exact relationship between ΛBV c and ΛBV has gained greater importance. The first characterization of functions continuous in Λ-variation was given by S. Wang in [16] . If F is a class of functions, CF will denote the continuous functions in F . In [11] it was shown that f ∈ CΛBV c if and only if W Λ (f ) = 0. Functions in CΛBV c are also said to be Λ-absolutely continuous (see [11, Proposition 6] ).
Given a function f , a Λ-sequence Λ and a positive number δ > 0, we define
), where the supremum is taken over all families I of nonoverlapping closed subintervals with I f δ. Further, we define
The special kind of generalized variation was introduced in [11] . Clearly, 
) [8, Theorem 3] . Given a real number x, we will denote the greatest integer less than or equal to x by x and the least integer greater than or equal to x by x .
The Shao-Sablin index
D. Waterman conjectured in [19, p. 72] that not every function of bounded Λ-variation is continuous in Λ-variation. Examples of (continuous) functions in ΛBV \ ΛBV c were given in [3] and [15] , but only for very particular Λ-sequences. In 1985 G. Shao proved that ΛBV = ΛBV c for all convex Λ-sequences [15, Theorem 6] . In particular, HBV = HBV c . Shao noted as a side remark that for convex Λ-sequences one has
A.I. Sablin showed in the same year that if lim λ n λ 2n = 1, then ΛBV c is a proper subset of ΛBV [12] . In 1987 he announced the following completion of his earlier observation: if lim
We are now going to formulate a number of conditions equivalent to the one that Sablin found sufficient for the equality ΛBV = ΛBV c . We start with two lemmas. 
exists, so does the other, and they are the same.
Proof. Suppose that the first of the two limits exists and equals to L. Given a positive number β and a positive integer n, we can pick a positive integer k = k n such that
Clearly, n → ∞ implies k → ∞. One has from (1)
and hence
Since β < β + 1, one has k − β − 1 < k − β, and thus
because the number on the left-hand side is an integer. Therefore, it follows from (2) that
Since
for every Λ-sequence Γ = (γ i ) and every positive integer l, the expression on the right side of (3) has the same limit as that on the left, implying
The proof of the remaining part of the lemma is analogous and we will leave it out. 2
for every positive integer k.
Proof. Clearly, the monotonicity of the sequence Λ implies that lim sup n→∞ (k+1)n i=kn+1
Thus, it suffices to show that the lower limit of the above ratio is equal at least to 1. If
The following proposition presents four conditions equivalent to the Sablin's condition (the condition (i) below).
Proposition 2.3. For any proper Λ-sequence Λ = (λ i ) the following conditions are equivalent:
Proof. We are going to establish the equivalence of (i) and (ii) first. Since (i) is a particular case of (ii), it suffices to show that (i) implies (ii). Suppose that (i) holds. Then
and, by induction,
for every positive integer k. Now, given β > 1, we choose k ∈ N such that β 2 k . Then
and thus (ii) holds for β ∈ (1, +∞).
If β ∈ (0, 1), then the inequalities
valid for every positive integer n, imply that
for all sufficiently large n. Thus,
Our assumption lim for every t ∈ N. Hence, it follows from (4) by the previously considered case (since
and the equivalence of (i) and (ii) has been proven.
We are now going to prove the equivalence of conditions (i) and (v). Assume that (i) holds. In order to show that (v) holds, it suffices to prove that
since it is clearly equivalent to (v). Because of (i), given an ∈ ( 1 2 , 1), we can find a positive integer N such that λ n /λ 2n for all n N . Define
Because of our choice of N ,
Every positive integer m N can be written as m = 2 p−1 N + r in a unique way, where p ∈ N and 0 r < 2 p−1 N . Setting
Regarding the expression on the right side of the above inequality as a function in x for 0 x S p , we estimate its maximum which leads to the inequality m i=1
The inequality (5) 
Since can be arbitrarily close to 1, the proof (i) ⇒ (v) is complete. Now assume that (v) holds. Then by Stolz's theorem [7, 44.5] lim n→∞
Since each of the two extreme limits 
Since lim sup n→∞ λ n λ 2n
1, it follows that (i) holds, and the proof of the equivalence (i) ⇔ (v) is complete. The equivalence of (iii) and (iv) follows from Lemma 2.1. Since (v) is a particular case of (iv), it remains to be shown that (v) implies (iv). Assume that (v) holds. Given a positive integer p, it follows from Lemma 2.2 that
and thus, by Lemma 2.1,
Therefore, given positive integers k and p, one has
Finally, given a positive number β and a sufficiently large integer k, there is a unique positive integer p such that p
Since k was arbitrarily large, (iv) holds. 2
As we will see in the main theorem of this paper, the limit considered by Sablin is very close to a necessary and sufficient condition for the equality ΛBV = ΛBV c . What we will need to consider is actually
We will call the number the Shao-Sablin index of the Λ-sequence Λ. Clearly, it is well defined for every Λ-sequence Λ and 1 S Λ 2 always.
Proof. It suffices to show that the limits
both exist and are equal to 1 α . The first limit above is equal to lim n→∞ λ n /λ 2n = 1 α by the Stolz's theorem. Since
as well, which completes the proof of the lemma. 
Proof.
It is easy to construct a proper Λ-sequence Λ with its Shao-Sablin index equal to 2 and hence the case will not be considered.
Assume that g ∈ [1, 2). Every positive integer n has a unique representation n = 2 k + l, where k ∈ N 0 and 0 l < 2 k . Define
The sequence (λ n ) increases to +∞ and
Thus it is a proper Λ-sequence. Since (8)
which shows that S Λ < 2 despite the fact that lim sup n→∞ λ n /λ 2n = 1.
The following lemma will be needed not only in the proof of the next proposition, but also in the proof of the main theorem of the paper. 
Indeed, it follows immediately from the inequalities lim sup
Next we are going to show that if S Λ = 2, then lim sup n→∞ (s+1)n i=sn+1
for every positive integer s. In fact, if the above upper limit were equal to a number r < 1, then the following estimate lim sup n→∞ 2sn sn+1
would imply, by (9) , that S Λ < 2, a contradiction. Proof. If suffices to show that if Λ ∼ Γ and S Λ < 2, then S Γ < 2.
Let Λ ∼ Γ and S Λ < 2. Since a positive constant multiple of a Λ-sequence is again a Λ-sequence and has the same Shao-Sablin index as the initial Λ-sequence, we may assume without loss of generality that
for all n. Observe that for any positive integer k lim sup
Suppose now that S Γ = 2. Then inequalities
yield, by the virtue of Lemma 2.6, that lim sup
for any positive integer k. Now fix k arbitrarily and take a number γ such that S Λ < γ < 2. Because of (12), there is a positive integer N such that
for all n N . On the other hand, the equality (13) implies that
for infinitely many n N . One has for those n, by (11) , (14) and (15),
Since k was arbitrary, it follows that lim sup n→∞ n i=1
which contradicts the equivalence Λ ∼ Γ . Thus, it must be that S Γ < 2. 2
The above proposition seems to be a part of a much stronger statement. I conjecture that if Λ ∼ Γ , then S Λ = S Γ , but I have no proof of it. On the other hand, the inverse implication does not hold. For instance, the Λ-sequences Λ 1 := (n) and Λ 2 := (n ln n) are not equivalent, despite the fact that S Λ 1 = S Λ 2 = 1 by Lemma 2.4.
The main theorem
The following result not only characterizes Λ-sequences for which the space of continuous functions of bounded Λ-variation is separable in the Λ-variation norm, but also shows that the same condition is necessary and sufficient for the equality ΛBV = ΛBV c , and hence it answers a question raised by D. Waterman in [19] . 
Proof. The implication (iii) ⇒ (ii) is obvious and the implication (ii) ⇒ (i) follows from [10, Proposition 3.6].
We are now starting preparations for the proof of the implication (i) ⇒ (iv). We need some terminology and three simple observations.
We will denote the set of points of varying monotonicity of a function f by 
− f (a), not necessarily negative, will be called the height of the tooth. A function f will be said to be a saw if it is continuous and if the interval [0, 1] (that is, the domain of f ) can be divided into finitely many intervals in such a way that f is a tooth on each of the subintervals. Observation 1. Let f be a piecewise linear function, and let g be a saw such that every interval of constant slope of f is a union of intervals on each of which g is a tooth. If on each interval of linearity of g the steepness of g is greater than the steepness of f there, then
and
for the family {I i } consisting of all intervals obtained by cutting each interval, where g is a tooth, into two equal parts. In particular, V (f + g) = V (g), where V denotes the ordinary variation of a function. 
Having established the above observations, now assume that S Λ = 2. We are going to show that CΛBV is then nonseparable.
Set n 0 := 0 and select a sequence (n k ) ∞ k=1 of positive integers such that:
where
It is not obvious that a selection of such a sequence (n k ) is always possible. However, the conditions (17) and (19) require only that n k be sufficiently larger than n k−1 . The other two conditions, especially (20) , are more stringent, but it is feasible to satisfy them, as we will demonstrate now.
Suppose that we have selected n 1 , . . . , n k according to all four requirements. Since S Λ = 2, one has S Λ (n k ) = 2, and thus, by Lemma 2.6, the inequality
holds for infinitely many n, where p := (n k − n k−1 )/2 k−1 . Hence we can choose one of these n's so that
is big enough to satisfy (17)- (19) . Then m k+1 = pn, and the inequality (21) tells us that the index n k+1 satisfies the requirement (20) as well.
Having selected a sequence (n k ) satisfying conditions (17)- (20), we are now going to define a special sequence (f k ) of continuous functions of bounded Λ-variation that are not Λ-absolutely continuous.
Given a positive integer k, we partition [0, 1] into
intervals of equal length and define f k to be 0 at the endpoints of these intervals and to be a tooth of height (
) −1 on each of these intervals. The intervals of constant slope of f k will be denoted by I (k) i , i = 1, . . . , n k − n k−1 . The function f := k f k is continuous as the sum of a uniformly convergent series of continuous functions by the virtue of (19) . Furthermore, because of (18), the values of f at the endpoints of intervals I (k) i depend on the functions f 1 , . . . , f k only, and thus our Observation 1 enables us to conclude that
because the steepness of f k equals to s k and the steepness of
i=1 s i , which is less than s k by (17) . We will now show that the Wiener Λ-variation of f is positive, and thus, that f is not Λ-absolutely continuous. Given a positive integer k, let {I
be the f -ordered family of intervals of linearity of f k . Setting δ := (n k − n k−1 ) −1 , we have
and hence, by (22) and Observation 2,
Thus, W Λ (f ) 1. Next we will show that f is of bounded Λ-variation. Given an infinite family (I i ) of nonoverlapping closed subintervals of [0, 1], we set
for any interval I , we have
for l k, and thus, by (19) ,
Now fix a positive integer k 2. Since f k is a saw built out of identical teeth, we have not only
Hence it follows from our Observation 3 that
where p := 2 k−1 d k . Indeed, by the definition of numbers s k and m k , and by (23), we have
It follows from (24) that
and hence, by (20) ,
Thus, since V Λ (n l−1 ) (f l ) = 1, it follows from (17) that
Therefore, 
Finally, take any η, μ ∈ N , η = μ and set k := min{i:
which completes the proof of the implication (i) ⇒ (iv). It remains to prove that (iv) implies (iii). Assume that S Λ < 2. The inequalities
and divergence of the series
Fix a positive number
and a positive integer N such that i k=1
Now suppose that (iii) does not hold. Then there exists a function f ∈ ΛBV \ ΛBV c so that
Note that given any finite set A of points of [0, 1] and any nonnegative integer p, V 0
Take a positive number η < αγ 12 (27) and choose δ > 0 so that
Let I = (I i ) be an f -ordered finite family of nonoverlapping closed subintervals of [0, 1] such that
Without loss of generality we may assume that I consists of an even number of intervals, say, 2n. The conditions (25), (27), (29) and (30) imply that n > N. Denoting the set of endpoints of intervals from I by E, one has V 0 Λ (2n) ,E (f ) = γ , and hence we can find a family J of nonoverlapping subintervals of
Denoting the collection of intervals from J that do not overlap any of the even-numbered intervals of I by J 1 , and denoting the collection of intervals of J that do not overlap any of the odd-numbered intervals of I by J 2 , we have
for i = 1 or i = 2, because the condition E ∩ int J = ∅ implies that each interval form the family J may overlap at most one interval from I. We will consider only the first of the two cases, since the second can be handled analogously. If (31) holds for i = 1, then K := (I 2i ) n i=1 ∪ J 1 is a family of nonoverlapping closed subintervals of [0, 1] such that K f < δ. Furthermore, (k) over a relation indicating reference to the kth display, We conclude the paper with a stronger version of a known theorem on the structure of regulated functions [9, Theorem 10] . Namely, if follows from the next proposition that the set of all regulated functions is the union of all ΛBV classes with S Λ < 2. Let a n be the smallest positive number satisfying the following three conditions:
γ 2n−2 a n ,
Then we define γ 2n−1 = γ 2n−2 := a n . The sequence Γ = (γ i ) obtained in this fashion is positive and S Γ 3 2 , because of (34). The condition (33) ensures that it is nondecreasing. (32) implies that
for every even k. To prove the inequality for odd k = 2n − 1, let us consider two possible cases. First, if a n λ 2n−1 , then, by validity of the inequality for an even number of terms, we have
In the remaining case, that is, when λ 2n−1 > a n , we have λ 2n > a n as well, and hence
It remains to show that the series 1 γ i diverges. Suppose it is not true, that is,
Since, for sufficiently big n, n i=1
> G, the condition (32) did not determine a n for those n. Furthermore, the right side of the inequality (34) is bigger than G for n large enough. Hence, the condition (34) could not determine a n for those n. Therefore, for n large enough, a n was solely determined by (33). Since a n was taken to be the smallest number satisfying (33) (and (32), and (34)), we have a n = γ 2n−2 for n large enough. Hence, γ i is constant from some index on, which contradicts (35). 2
